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Abstract

In this paper, we consider the strong convergence of the projection type Ishikawa
iteration process to a common fixed point of a finite family of nonself

I;- asymptotically quasi-nonexpansive mappings. Our results of this paper

improve and extend the corresponding results of Temir and Gul [10], Temir [11],
and Thianwan [12].

1. Introduction

Throughout this paper, let C be a nonempty subset of a real normed

linear space X and denote the set of all fixed points of a mapping T by
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F(T), the n-th iterate T(T(..., Tx)...) of Tby T"x and T° = E, where
E denotes the mapping E : C — C defined by Ex = x, respectively.

Let T be a self-mapping of C. T is said to be asymptotically
nonexpansive, if there exists a real sequence {L,} c [0, +x), with

lim,_,, A, =0, such that |T"x —-T"y| < (1 +r,)|x -2, vx, ye C. A
mapping 7T is called wuniformly L-Lipschitzian, if there exists a real
number L > 0 such that |T"x - T"y|| < L|x - y||, for every x, y € K

and each n > 1.

It was proved in [2] that if X is uniformly convex, and if C is bounded
closed and convex subset of X, then every asymptotically nonexpansive
mapping has a fixed point.

T is called I-asymptotically quasi-nonexpansive on C, if there exists
sequence {vy,} < [0, ©) with lim, ,, v, =0 such that |T"u- p| <

(v, +)|[I"u-p|, forall u e C, p e F(T)NF(I), and n =1, 2, ---.

Remark 1.1. From above definitions, it is easy to see, if F(T) is

nonempty, an asymptotically nonexpansive mapping must be I-
asymptotically quasi-nonexpansive. It is obvious that, an asymptotically
nonexpansive mapping is also uniformly L-Lipschitzian with L = sup

{1+v, : n >1}. However, the converses of these claims are not true in

general.

In the past few decades, many results on fixed points on
asymptotically nonexpansive, quasi-nonexpansive, and asymptotically
quasi-nonexpansive mappings in Banach space and metric spaces are
obtained (see, e.g., [7, 9]). Recently, Rhoades and Temir [5] studied the
convergence theorems for I-nonexpansive mappings, Temir and Gul [10]
studied the convergence theorems for I-asymptotically quasi-
nonexpansive mapping in Hilbert space. Very recently, Temir [11] studied
the convergence theorems of implicit iteration process for a finite family
of I-asymptotically nonexpansive mappings.

In most papers [1, 4, 9], which concern the iteration methods, the
Ishikawa iteration scheme as follows: for any given x; € C,
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ot = OnSn FonTas (1.1)
¥n = apTx, +b,x,,
where {a,}, {b,}, {a,}, and {b,} are real sequences in [0,1) with

a, +b, = 1=a,, +b;,, are bounded sequences in C.

On one hand, S, T have been assumed to map C into itself in (1.1),
and the convexity of C ensures that the sequence {x,} given by (1.1) is
well defined. If, however, C is a proper subset of the real Banach space X
and 7 maps C into X, then the sequence given by (1.1) may not be well
defined. One method that has been used to overcome this in the case of
single mapping T is to generalize the iteration scheme by introducing a
retraction P : X — C in the recursion formula (1.1). For nonself non-
expansvie mappings, some authors (see, e.g., [8, 14]) have studied the
strong and weak convergence theorems in Hilbert space or uniformly

convex Banach spaces.

As an important generalization of the class of asymptotically non-
expansive self-mappings, Chidume [1] in 2003, generalized nonexpansive,

asymptotically nonexpansive, uniformly L-Lipschitzian to

Definition 1.1. Let C be a nonempty subset of a real normed space X.
Let P: X — C be a nonexpansive retraction of X onto C. A nonself
mapping T : C —» X 1is called asymptotically, if there exists a sequence

{k,} c [1, ©) with k, — 1 as n — o such that for every n e N,

||T(PT)n_1x -~ T(PT)n_ly" < kylx -y, for every x, y € C.

T is said to be uniformly L-Lipschitzian, if there exists a constant L > 0
such that

IT(PT)" " x — T(PT)" 'y| < Ljx - 3|, for every x, y e C.

And if let T, I : C — X, the mapping T is said to be I'- Lipschitzian, if
there exists I' > 0 such that

|T(PT)" % - T(PT)" | < T|I(PI)" & — I(PT)" ' y||, for every x, y € C.
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In 2006, Wang [13] generalized the work to prove strong and weak
convergence theorems for a pair of nonself asymptotically nonexpansive

mappings.

On the other hand, in 1991, Schu [7] introduced a modified Mann
iteration process to approximate fixed points of asymptotically non-

expansive self-mappings in Hilbert space as follow:
Xn+l = (1 —Qan )xn + anTnxn' (1.2)

Since then, Schu’s iteration process has been widely used to approximate
fixed points of asymptotically nonexpansive self-mappings in Hilbert

space or Banach spaces [4, 6].

In 2009, Thianwan [12] generalized their work to prove strong and
weak convergence theorems of projection type Ishikawa iteration for a

pair of nonself asymptotically nonexpansive mappings.

Motivated by above works, in this paper, we consider the following
projection type Ishikawa iteration process with errors (1.3) to
approximating common fixed points for a finite family of nonself

I;- asymptotically quasi-nonexpansive mappings 7;, and obtain the
strong convergence theorems for such mappings in uniformly convex
Banach spaces.

Definition 1.2. Let 7;: X > C,i e {l,..., N}, T; is nonself I;-
asymptotically  quasi-nonexpansive mappings, I; 1s  nonself

asymptotically nonexpansive. Then, an iterative scheme is the sequences

of mappings {x, } defined by, for given x; € C,

Xp+l = P(anli(n)(PIi(n) )k(n)ilyn +byy, + Cnu'n)7

’ k(n)fl ’ ’ n2 1’ (13)
In = P(anTL(n)(PTz(n)) Xp +0px, +Cpuy,),

where {a, },{b,},{c,},{a},},{b,},and {c},} are real sequences in [5,1- 3]
for some & € (0,1) with a, +b, +¢, =a, +b, +¢, =1, n = (k(n)-1)

N +i(n), i(n) € {1, ..., N}, and {u,,}, {v,} are bounded sequences in C.
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We restate the following definitions and lemmas, which play an

important roles in our proofs.

Definition 1.3. Let X be a Banach space, C be a nonempty subset of
X. Let T : C —» C. Then T'is said to be
(1) demiclosed at y, if whenever {x,} c C such that x,, ~x € C and

Tx, — y, then Tx = y.

(2) semi-compact, if for any bounded sequence {x,} in C such that

|x, —Tx,| - 0 as n — oo, there exists a subsequence {x,, } of {x,}

such that {x,, } converges strongly to some x* in K.

(3) completely continuous, if the sequence {x,, } in C converges weakly

to x( implies that {Tx, } converges strongly to 7.

Lemma 1.1 [2]. Let {a,}, {B,}, {v,}, and {u,} be four nonnegative

real sequences satisfying o, < (1+7v,)1+n,)o, +B,, for all n>1.
If 3 by <o, D0 ¥, <o, and Y.°_ B, <o, then lim,_,., a, exists.
Lemma 1.2 [7]. Let E be a real uniformly convex Banach space and

0<p<t, <q <1, forall positive integer n > 1. Also, suppose {x, } and

{yn} are two sequences of E such that lim sup|x, | < r, lim sup|y,| < r,
n—o n—»0

and limsup|t,x, + (1 -t,)y,| =r hold for some r =0, then lim
n—o n—m

"xn —Yn " = 0.

Lemma 1.3 [1]. Let X be a real uniformly convex Banach space, C be
a nonempty closed subset of X, and let T :C — X be nonself
asymptotically nonexpansive mapping with a sequence {k,} c [1, ©) and

k, > 1as n —> o« Then, E - T is demiclosed at zero.

2. Main Results

Lemma 2.1. Let X be a uniformly convex Banach space, K be a
nonempty closed convex subset of X, {T; :ie€{l,2,..., N}}: K > X be

N uniformly T -Lipschitzian I;-asymptotically quasi-nonexpansive non-
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self-mappings with sequences {v;, } c [0, ©) such that z:zlvin < o, and
I, :iefl,..., N}: C - X be N uniformly L-Lipschitzian asymptotically
nonexpansive nonself-mappings with {u;, } < [0,) such that Z::1 Ujp <0
and F = NN, F(T;)N\ F(I;) # 0. Suppose that for any given x < K, the
sequence {x, } is generated by (1.3), where z:zl ¢, < ©, Z:zlcg <o, If
F # 0, then lim,_, || I;x, - x,| =lm,_,|Tjx, -x,|=0,vI=1,2,..., N.

Proof. Since C is bounded, there exists M > 0 such that |y, — u,|
<M and M' >0 such that |x, —v,| < M' for all n e N. For any

peF =NLF(T)NF(I) 0.

|%ps1 = 2l = "anIi(n)(PIi(n) )k(n)_lyn +bpyp + Cplty — D

IA

an"Ii(n)(PIi(n) )k(n)ilyn - p" + (1 - an)"yn - p” + cn”un —Yn "

IA

(1 + ayvi) |y, — | + ¢ M. 2.1)

9 = Pl = [Ty (PTin) )" + By + o = p

IA

a;z"Tz(n)(PTz(n) )k(n)_lxn - p" +(1- a;z)"xn - p" + C;L"Un ~—Xn "

IA

(1 - ap)len = pll + ap (1 + wig ) (1 + vig) | = | + i, M’
< [1 + a;L(uik + Uijp + UjRUip )] ||xn - p|| + C;LM'. (22)

Transposing and simplifying above inequality and noticing that a, €

[3,1 - 8]. We have
|%ns1 — | < U+ apuip ) [1 + ap (wi, + vig, + wipvir, )| %, — p|+ cyM']+ ¢, M
< (L+7,) @+ p,)|x, = pf + B (2.3)

where v, = a,v;, 1, = a;z(uik + U + uikvik)’ Bn =M’ +c, M.
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Since, Z:zluik < o, zzzlvik <o for all ief{l,2,.., N}, and

> en <o, > ey <o for all ne N, thus, 37 v, <o, > u,
<o, and 3 B, <o

By Lemma 1.1, lim,_,,|x, — p| exists for each pe F. Let
limn—>00||xn+1 - p" = d > 0. Since, "Ii(n)(PIi(n) )k(n)_lyn _p+cn(un ~Jn )"
< (@ +vp)|yn — ol +c,M. By (22), we have limsup, .|y
(PLign) "™y = b+ epluty =3 <do And [y, = p + cplun = 3]
<|lyn = p|| + ¢, M, which implies lim sup,, .|y, — P + ¢, (w, — ¥, )| < d.

lim, o |%pe1 — P =d means that lim,_,,|a,[Zi)(PLi,) )k(n%1

Yn — P+ Cn(un —Yn )]+ (1 - an)[yn -p+t Cn(un —n )]" =d. By Lemma

1.2, we have

hmn—)oollli(n)(PIi(n) )k(n)_lyn ~Yn " = 0. (2.4)
Using (2.1), |x,41 - 2| < @+ auoip)|yn — p| + M.  We have
d =lim,_, |x,.1 - p| < liminf, , |y, — p|. It follows from (2.2),
lim sup,, 00| ¥n — P| < lim,, o ||x, 11 — p|| = d that lim, |y, — p| = d.

This implies that
hmn%w”yn - p" = limn%w”a;z(Ti(n)(PTi(n) )k(n)ilxn -p+t c;z(vn —Xp )) +
(1 - a;l)(xn —-pt c;l(vn ~—Xn ))" =d.

Since, [ Ty)(PTin)" ") = p + ch(vn =2 | < (14 i) (1 + 03|
+e,M' and |x, — p + ¢ (v, — x,)| < |(x, = p)| + ¢, M', we have
lim sup,, o0 | Ti(n) (P L) )k(n)_lxn -p+cy(v, - p)| <d and limsup,_,,
|x, = p +cp(v, — p)| < d. By Lemma 2.2, we have

1im,, o | Tin)(PTi) )y, — 2, = 0. (2.5)

"yn ~Xn " = "a;LTz(n)(PTz(n) )k(n)_lxn +bpxy + Uy — Xy "
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< @ | Ty (PTi) ™ty = 2|+ cpllvn = Pl = 0 (as 7 — o).

(2.6)
Also,
| Zig)(PLin) M, = |
< Ty (PLig) ™ 2y, = L) (P Ly |
Ty (PLign) ™ 3 = |+ 9 = 2]
< U+ L)y = %0 |+ i) (PLigny ™ 3 = 3]
Thus, it follows from (2.4) and (2.6), that
liInn—mo”Ii(n)([-)li(n) )k(n)_lxn ~Xn " =0. 2.7)

In addition,

B(n)-
"xn+1 - xn" = ||anIi(n)(PIi(n)) () lyn +bpYn + Cplty — xn”

< |l Lign)(PLi) " 3 = v+ 3 = 2+ el = 3
+(b,, + cn)"yn - xn"

< Lo (PLo Y1, M _

= an" z(n)( L(n)) In yn” + e+ "yn Xn ",

by (2.4) and (2.6), we have lim,_,,|x,,; —x,[ =0, as well as for all
le{l,2, ..., N}
lim,,_,[lx, =%, = 0. (2.8

Notice that for each n > N, n = (n — N)(mod N), and n = (k(n) —1)N +
i(n), hence n- N = ((k(n)-1)-1)N +i(n) = (k(n = N)-1)N +i(n - N),
thatis, k(n — N) = k(n) -1 and i(n — N) = i(n).

From (2.5), (2.7), and (2.8),
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[ = T || < %0 = Tign)(PTin) ) o | + | i) (P Ty ™ ity = Tt |
< % = Tign) (PTin) ' ey | + T i) (PLigy ™,

+ Ii(n-n)(Plin-n) P,

) )k(n)—l

= Litn-n)(PLin-N Xp-N = XpN + XN — X

< (%0 = Tign)(PTin) 2, |

+ T Zi(n-N)(PLign— ) AR

A+ L)|x, —x,_n| = 0 (n > ).
This implies that lim,, ., |T,x, — x,| = 0. Now, forall [ = {1, 2, ..., N}.
I = Tnrixnll < loen = 2nsall + %041 = Tnvixnst | + 1 Tnsinss = Toiixnl

< o = Bt st ~ ot + Tt 50

< oeniz = Tnyixnsa| + @+ TL) |2 — % 4g]| = 0 (n — o0).
So, lim, o ||y 47%, — %, =0, forall I = {1, 2, ..., N}.
Consequently, we have

lim,,_,,|T;x, —x,| = 0. (2.9
ln = Lnen | < [ = Tigny(PLig) ™ ™ | + [ Lign) (PLigy) ™ty — L, |
< e = Tigu)(PLign)" ™ |+ Dl iy (PLign) ™,

k(n)-2

Y2y, N+ Lign-n)(PLin-ny) Xp-N

= Lijn-n)(PLin-n)
~Xp-N T Xp-N —Xp ”

= "xn - Ii(n)(PIi(n) )k(n)_lxn "

+ LI Li(n-n)(PLi(n- ) P2y N~ x|

+L(1 + L)|x, —x,_n]| = 0 (n > ).
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This implies that

lim,, .| I,x, — x| = 0. (2.10)
And

ln = Tnsiznll < n = %neill + %1 = TnsiZnei |+ Hnsi¥ner = Tnsi%al
<@+ Dllxn = sl + l2nss = Tnvixnal-
Taking lim,_,, on both sides in the above inequality, then we get
lim,,_|lx, = Iy, =0, forall I e {1, 2, ..., N}.
Consequently, we have
lim,, | I;x, — x,| = 0. (2.11)

The proof is completed.

Theorem 2.2. Let X be a uniformly convex Banach space and

C, T, I, {x,,} be same as in Lemma 2.1. If one of I, let I,, is a semi-
compact mapping and F # 0, then {x, } converges strongly to a common

fixed point of {T;} and {I;}.
Proof. Since, I,, is semi-compact mapping, {x,} is bounded and
lim,,_,,[lx, — I;px,|| = 0, then there exists a subsequence {xnj} of {x,}

such that {xnj} converges to x*. It follows from Lemma 1.3,
x* € F(I,,). In addition, since T; is a uniformly I'- Lipschitzian mapping
and I; is a uniformly L-Lipschitzian mapping, lim,_,,|x, — I;x,| =0
and lim,_,,|lx, - Tix,| = 0. So, |x* - Lx"| =0, and |x* - T;x"| = 0.
This implies that x* € F(I;) F(T;). Since, the subsequence {xnj} of
{x,} such that {an} converges strongly to x* and lim,_,,[x, — x"|

exists, then {x,} converges strongly to the common fixed point x* € F.

The proof is completed.
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Theorem 2.3. Let X be a uniformly convex Banach space and C, T;,
I, {x,} be same as in Lemma 2.1. If one of I;, let I,, is completely
continuous mapping and F = 0, then {x,} converges strongly to a

common fixed point of {T;} and {I;}.

Proof. By Lemma 2.1, {x, } is bounded. Since, lim, _,|x, - I;x,| =
lim,,_,,|lx, — Tjx, | = 0, then {Tjx, } and {Ix, | are bounded. Since I,

is completely continuous, that exists subsequence {Imxnj} of {I,x,}
such that {Imxnj} — p as j — . Thus, we have limj_,oo”xnj = Iy, |

= 0. Hence, by the continuity of I,, and Lemma 1.3, we have

limjﬁgo”xnj -p| =0 and p € F(I,,). Further, forall i € {1, 2, ..., N}
”Iixnj -pf < "Iixnj ~Xn; I+ ”an - Imxnj I+ ”Imxnj d
[Ty, — Pl < [T, — 0 1+ By — Lyt |+ 1, — 5

Thus, limnj%w"Iixnj - p| =0 and limnjﬁgo”Tixnj — p| = 0. This implies
that {I i%n; }, {Tixnj } converges strongly to p. Since, I; is a uniformly L-
Lipschitzian mapping, 7; is uniformly TI'-Lipschitzian, so I;, T; is
continuous. So, p=I;p=T;p. Hence, peF. By Lemma 2.1,
lim,_,,|lx, — p| exists. Thus, lim,_,.|x, —p||=0. The proof is

completed.
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