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Abstract 

In this paper, we consider the strong convergence of the projection type Ishikawa 
iteration process to a common fixed point of a finite family of nonself 

-Ii asymptotically quasi-nonexpansive mappings. Our results of this paper 

improve and extend the corresponding results of Temir and Gul [10], Temir [11], 
and Thianwan [12]. 

1. Introduction 

Throughout this paper, let C be a nonempty subset of a real normed 
linear space X and denote the set of all fixed points of a mapping T by 
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( ),TF  the n-th iterate ( )( )…… TxTT ,  of T by xT n  and ,0 ET =  where 

E denotes the mapping CCE →:  defined by ,xEx =  respectively. 

Let T be a self-mapping of C. T is said to be asymptotically 
nonexpansive, if there exists a real sequence { } [ ),,0 ∞+⊂λn  with 

,0lim =λ∞→ nn  such that ( ) .,,1 CyxyxyTxT n
nn ∈∀−λ+≤−  A 

mapping T is called uniformly L-Lipschitzian, if there exists a real 
number 0>L  such that ,yxLyTxT nn −≤−  for every Kyx ∈,  
and each .1≥n  

It was proved in [2] that if X is uniformly convex, and if C is bounded 
closed and convex subset of X, then every asymptotically nonexpansive 
mapping has a fixed point. 

T is called I-asymptotically quasi-nonexpansive on C, if there exists 
sequence { } [ )∞⊂′ ,0nv  with 0lim =′∞→ nn v  such that ≤− puT n  

( ) ,1 puIv n
n −+′  for all ( ) ( ) ,, IFTFpCu ∩∈∈  and .,2,1 "=n  

Remark 1.1. From above definitions, it is easy to see, if ( )TF  is 
nonempty, an asymptotically nonexpansive mapping must be I- 
asymptotically quasi-nonexpansive. It is obvious that, an asymptotically 
nonexpansive mapping is also uniformly L-Lipschitzian with sup=L  
{ }.1:1 ≥+ nvn  However, the converses of these claims are not true in 
general. 

In the past few decades, many results on fixed points on 
asymptotically nonexpansive, quasi-nonexpansive, and asymptotically 
quasi-nonexpansive mappings in Banach space and metric spaces are 
obtained (see, e.g., [7, 9]). Recently, Rhoades and Temir [5] studied the 
convergence theorems for I-nonexpansive mappings, Temir and Gul [10] 
studied the convergence theorems for I-asymptotically quasi-
nonexpansive mapping in Hilbert space. Very recently, Temir [11] studied 
the convergence theorems of implicit iteration process for a finite family 
of I-asymptotically nonexpansive mappings. 

In most papers [1, 4, 9], which concern the iteration methods, the 
Ishikawa iteration scheme as follows: for any given ,1 Cx ∈  
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,1
,
,1 ≥

′+′=
+=+ n

xbTxay
xbSyax

nnnnn

nnnnn  (1.1) 

where { } { } { } { }nnnn baba ′′ and,,,  are real sequences in [ )1,0  with 
=+ nn ba  nn ba ′+′=1  are bounded sequences in C. 

On one hand, S, T have been assumed to map C into itself in (1.1), 
and the convexity of C ensures that the sequence { }nx  given by (1.1) is 

well defined. If, however, C is a proper subset of the real Banach space X 
and T maps C into X, then the sequence given by (1.1) may not be well 
defined. One method that has been used to overcome this in the case of 
single mapping T is to generalize the iteration scheme by introducing a 
retraction CXP →:  in the recursion formula (1.1). For nonself non-
expansvie mappings, some authors (see, e.g., [8, 14]) have studied the 
strong and weak convergence theorems in Hilbert space or uniformly 
convex Banach spaces. 

As an important generalization of the class of asymptotically non-
expansive self-mappings, Chidume [1] in 2003, generalized nonexpansive, 
asymptotically nonexpansive, uniformly L-Lipschitzian to 

Definition 1.1. Let C be a nonempty subset of a real normed space X. 
Let CXP →:  be a nonexpansive retraction of X onto C. A nonself 
mapping XCT →:  is called asymptotically, if there exists a sequence 
{ } [ )∞⊂ ,1nk  with 1→nk  as ∞→n  such that for every ,N∈n  

( ) ( ) .,everyfor,11 CyxyxkyPTTxPTT n
nn ∈−≤− −−  

T is said to be uniformly L-Lipschitzian, if there exists a constant 0>L  
such that 

( ) ( ) .,everyfor,11 CyxyxLyPTTxPTT nn ∈−≤− −−  

And if let ,:, XCIT →  the mapping T is said to be -Γ Lipschitzian, if 

there exists 0≥Γ  such that 

( ) ( ) ( ) ( ) .,everyfor,1111 CyxyPIIxPIIyPTTxPTT nnnn ∈−Γ≤− −−−−  
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In 2006, Wang [13] generalized the work to prove strong and weak 
convergence theorems for a pair of nonself asymptotically nonexpansive 
mappings. 

On the other hand, in 1991, Schu [7] introduced a modified Mann 
iteration process to approximate fixed points of asymptotically non-
expansive self-mappings in Hilbert space as follow: 

( ) .11 n
n

nnnn xTaxax +−=+  (1.2) 

Since then, Schu’s iteration process has been widely used to approximate 
fixed points of asymptotically nonexpansive self-mappings in Hilbert 
space or Banach spaces [4, 6]. 

In 2009, Thianwan [12] generalized their work to prove strong and 
weak convergence theorems of projection type Ishikawa iteration for a 
pair of nonself asymptotically nonexpansive mappings. 

Motivated by above works, in this paper, we consider the following 
projection type Ishikawa iteration process with errors (1.3) to 
approximating common fixed points for a finite family of nonself 

-Ii asymptotically quasi-nonexpansive mappings ,iT  and obtain the 

strong convergence theorems for such mappings in uniformly convex 
Banach spaces. 

Definition 1.2. Let { } ii TNiCXT ,,,1,: …∈→  is nonself -iI  

asymptotically quasi-nonexpansive mappings, iI  is nonself 

asymptotically nonexpansive. Then, an iterative scheme is the sequences 
of mappings { }nx  defined by, for given ,1 Cx ∈  

( ( )( ( ) )
( ) )

( ( )( ( ) )
( ) )

,1
,
,

1

1
1 ≥

′+′+′=

++=
−

−
+ n

vcxbxPTTaPy
ucybyPIIaPx

nnnnn
nk

nininn

nnnnn
nk

nininn  (1.3) 

where { } { } { } { } { } { }nnnnnn cbacba ′′′ and,,,,,  are real sequences in [ ]δ−δ 1,  

for some ( )1,0∈δ  with ( )( )1,1 −==′+′+′=++ nkncbacba nnnnnn  

( ) ( ) { } ,,,1, NniniN …∈+  and { } { }nn vu ,  are bounded sequences in C. 
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We restate the following definitions and lemmas, which play an 
important roles in our proofs. 

Definition 1.3. Let X be a Banach space, C be a nonempty subset of 
X. Let .: CCT →  Then T is said to be 

(1) demiclosed at y, if whenever { } Cxn ⊂  such that Cxxn ∈  and 
,yTxn →  then .yTx =  

(2) semi-compact, if for any bounded sequence { }nx  in C such that 
0→− nn Txx  as ,∞→n  there exists a subsequence { }knx  of { }nx  

such that { }knx  converges strongly to some ∗x  in K. 

(3) completely continuous, if the sequence { }nx  in C converges weakly 
to 0x  implies that { }nTx  converges strongly to .0Tx  

Lemma 1.1 [2]. Let { } { } { } ,,, nnn γβα  and { }nµ  be four nonnegative 
real sequences satisfying ( ) ( ) ,111 nnnnn β+αµ+γ+≤α +  for all .1≥n  

If ,, 11 ∞<γ∞<µ ∑∑ ∞
=

∞
= nnnn  and ,1 ∞<β∑∞

= nn  then nn α∞→lim  exists. 

Lemma 1.2 [7]. Let E be a real uniformly convex Banach space and 
,10 <≤≤≤ qtp n  for all positive integer .1≥n  Also, suppose { }nx  and 

{ }ny  are two sequences of E such that ,suplim,suplim ryrx n
n

n
n

≤≤
∞→∞→

 

and ( ) rytxt nnnn
n

=−+
∞→

1suplim  hold for some ,0≥r  then 
∞→n

lim  

−nx .0=ny  

Lemma 1.3 [1]. Let X be a real uniformly convex Banach space, C be 
a nonempty closed subset of X, and let XCT →:  be nonself 
asymptotically nonexpansive mapping with a sequence { } [ )∞⊂ ,1nk  and 

1→nk  as .∞→n  Then, TE −  is demiclosed at zero. 

2. Main Results 

Lemma 2.1. Let X be a uniformly convex Banach space, K be a 
nonempty closed convex subset of { { }} XKNiTX i →∈ :,,2,1:, …  be 

N uniformly Γ -Lipschitzian -Ii asymptotically quasi-nonexpansive non-
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self-mappings with sequences { } [ )∞⊂ ,0inv  such that ,1 ∞<∑∞
= inn v  and 

{ } XCNiIi →∈ :,,1: …  be N uniformly L-Lipschitzian asymptotically 

nonexpansive nonself-mappings with { } [ )∞⊂ ,0inu  such that ∞<∑∞
= inn u1   

and ( ) ( ) .01 /≠= = ii
N
i IFTFF ∩∩  Suppose that for any given ,Kx ∈  the 

sequence { }nx  is generated by (1.3), where ., 11 ∞<′∞< ∑∑ ∞
=

∞
= nnnn cc  If 

,0/≠F  then .,,2,1,0limlim NlxxTxxI nnlnnnln …=∀=−=− ∞→∞→  

Proof. Since C is bounded, there exists 0>M  such that nn uy −  

M≤  and 0>′M  such that Mvx nn ′≤−  for all .N∈n  For any 

( ) ( ) .01 /≠=∈ = ii
N
i IFTFFp ∩∩  

( )( ( ) )
( ) pucybyPIIapx nnnnn
nk

nininn −++=− −
+

1
1  

( )( ( ) )
( ) ( ) nnnnnn
nk

ninin yucpyapyPIIa −+−−+−≤ − 11  

( ) .1 Mcpyva nnikn +−+≤  (2.1) 

  ( )( ( ) )
( ) pvcxbxPTTapy nnnnn
nk

nininn −′+′+′=− −1  

( )( ( ) )
( ) ( ) nnnnnn
nk

ninin xvcpxapxPTTa −′+−′−+−′≤ − 11  

( ) ( ) ( ) Mcpxvuapxa nnikiknnn ′′+−++′+−′−≤ 111  

[ ( )] .1 Mcpxvuvua nnikikikikn ′′+−++′+≤  (2.2) 

Transposing and simplifying above inequality and noticing that ∈na  

[ ].1, δ−δ  We have 

( ) [ ( ) ] McMcpxvuvuavapx nnnikikikikniknn +′′+−++′++≤−+ 111  

( ) ( ) ,11 nnnn px β+−µ+γ+≤  (2.3) 

where ( ) .,, McMcvuvuava nnnikikikiknniknn +′′=β++′=µ=γ  
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Since, ∞<∞< ∑∑ ∞
=

∞
= ikkikk vu 11 ,  for all { },,,2,1 Ni …∈  and 

∞<′∞< ∑∑ ∞
=

∞
= nnnn cc 11 ,  for all ,N∈n  thus, nknk µ∞<γ ∑∑ ∞

=
∞
= 11 ,  

,∞<  and .1 ∞<β∑∞
= nk  

By Lemma 1.1, pxnn −∞→lim  exists for each .Fp ∈  Let 

.0lim 1 >=−+∞→ dpxnn  Since, ( )( ( ) )
( ) ( )nnnn
nk

nini yucpyPII −+−−1  

( ) .1 Mcpyv nnik +−+≤  By (2.2), we have ( )nin I∞→suplim  

( ( ) )
( ) ( ) .1 dyucpyPI nnnn
nk

ni ≤−+−−  And ( )nnnn yucpy −+−  

,Mcpy nn +−≤  which implies ( ) .suplim dyucpy nnnnn ≤−+−∞→  

dpxnn =−+∞→ 1lim  means that [ ( )( ( ) )
( ) 1lim −

∞→
nk

nininn PIIa  

( )] ( ) [ ( )] .1 dyucpyayucpy nnnnnnnnn =−+−−+−+−  By Lemma 
1.2, we have 

( )( ( ) )
( ) .0lim 1 =−−

∞→ nn
nk

ninin yyPII  (2.4) 

Using (2.1), ( ) .11 Mcpyvapx nniknn +−+≤−+  We have  
.inflimlim 1 pypxd nnnn −≤−= ∞→+∞→  It follows from (2.2), 

dpxpy nnnn =−≤− +∞→∞→ 1limsuplim  that .lim dpynn =−∞→  

This implies that 

( ( )( ( ) )
( ) ( )) +−′+−′=− −

∞→∞→ nnnn
nk

nininnnn xvcpxPTTapy 1limlim  

( ) ( ( )) .1 dxvcpxa nnnnn =−′+−′−  

Since, ( )( ( ) )
( ) ( ) ( ) ( ) pxvuxvcpxPTT nikiknnnn
nk

nini −++≤−′+−− 111  

Mcn ′′+  and ( ) ( ) ,Mcpxxvcpx nnnnnn ′′+−≤−′+−  we have 

( )( ( ) )
( ) ( ) dpvcpxPTT nnn
nk

ninin ≤−′+−−
∞→

1suplim  and ∞→nsuplim  

( ) .dpvcpx nnn ≤−′+−  By Lemma 2.2, we have 

( )( ( ) )
( ) .0lim 1 =−−

∞→ nn
nk

ninin xxPTT  (2.5) 

( )( ( ) )
( )

nnnnnn
nk

nininnn xvcxbxPTTaxy −′+′+′=− −1  
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( )( ( ) )
( ) ( ).as01 ∞→→−′+−′≤ − npvcxxPTTa nnnn
nk

ninin   

(2.6) 

Also, 

( )( ( ) )
( )

nn
nk

nini xxPII −−1  

( )( ( ) )
( )

( )( ( ) )
( )

n
nk

ninin
nk

nini yPIIxPII 11 −− −≤  

( )( ( ) )
( )

nnnn
nk

nini xyyyPII −+−+ −1  

( ) ( )( ( ) )
( ) .1 1

nn
nk

nininn yyPIIxyL −+−+≤ −  

Thus, it follows from (2.4) and (2.6), that 

( )( ( ) )
( ) .0lim 1 =−−

∞→ nn
nk

ninin xxPII  (2.7) 

In addition, 

( )( ( ) )
( )

nnnnnn
nk

nininnn xucybyPIIaxx −++=− −
+

1
1  

( )( ( ) )
( )

nnnnnnn
nk

ninin yucxyyyPIIa −+−+−≤ −1  

 ( ) nnnn xycb −++  

( )( ( ) )
( ) ,1

nnnnn
nk

ninin xyMcyyPIIa −++−≤ −  

by (2.4) and (2.6), we have ,0lim 1 =−+∞→ nnn xx  as well as for all 

{ }Nl ,,2,1 …∈  

.0lim =− +∞→ lnnn xx   (2.8) 

Notice that for each ( ) ( ) ,mod, NNnnNn −=>  and ( )( ) +−= Nnkn 1  

( ),ni  hence ( )( )( ) ( ) ( )( ) ( ),111 NniNNnkniNnkNn −+−−=+−−=−  

that is, ( ) ( ) 1−=− nkNnk  and ( ) ( ).niNni =−  

From (2.5), (2.7), and (2.8), 
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( )( ( ) )
( )

( )( ( ) )
( )

nnn
nk

ninin
nk

nininnnn xTxPTTxPTTxxTx −+−≤− −− 11  

 ( )( ( ) )
( )

( )( ( ) )
( )

n
nk

ninin
nk

ninin xPIIxPTTx 11 −− Γ+−≤  

 ( )( ( ) )
( )

Nn
nk

NniNni xPII −
−

−−+ 1  

 ( )( ( ) )
( )

nNnNnNn
nk

NniNni xxxxPII −+−− −−−
−

−−
1  

( )( ( ) )
( )

n
nk

ninin xPTTx 1−−≤  

 ( )( ( ) )
( )

NnNn
nk

NniNni xxPII −−
−

−− −Γ+ 1  

 ( ) ( ).01 ∞→→−+Γ+ − nxxL Nnn  

This implies that .0lim =−∞→ nnnn xxT  Now, for all { }.,,2,1 Nl …=  

nlnlnlnlnlnlnlnnnlnn xTxTxTxxxxTx ++++++++ −+−+−≤−  

 nlnlnlnlnlnn xxLxTxxx −Γ+−+−≤ +++++  

 ( ) ( ).01 ∞→→−Γ++−≤ ++++ nxxLxTx lnnlnlnln  

So, ,0lim =−+∞→ nnlnn xxT  for all { }.,,2,1 Nl …=  

Consequently, we have 

.0lim =−∞→ nnln xxT   (2.9) 

( )( ( ) )
( )

( )( ( ) )
( )

nnn
nk

ninin
nk

nininnnn xIxPIIxPIIxxIx −+−≤− −− 11  

( )( ( ) )
( )

( )( ( ) )
( )

n
nk

ninin
nk

ninin xPIILxPIIx 21 −− +−≤  

( )( ( ) )
( )

( )( ( ) )
( )

Nn
nk

NniNniNn
nk

NniNni xPIIxPII −
−

−−−
−

−− +− 22  

nNnNn xxx −+− −−  

( )( ( ) )
( )

n
nk

ninin xPIIx 1−−≤  

( )( ( ) )
( )

NnNn
nk

NniNni xxPIIL −−
−

−− −+ 2  

( ) ( ).01 ∞→→−++ − nxxLL Nnn  
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This implies that 

.0lim =−∞→ nnnn xxI   (2.10) 

And 

nlnlnlnlnlnlnlnnnlnn xIxIxIxxxxIx ++++++++ −+−+−≤−  

( ) .1 lnlnlnlnn xIxxxL ++++ −+−+≤  

Taking ∞→nlim  on both sides in the above inequality, then we get 

,0lim =− +∞→ nlnnn xIx  for all { }.,,2,1 Nl …∈  

Consequently, we have 

.0lim =−∞→ nnln xxI  (2.11) 

The proof is completed. 

Theorem 2.2. Let X be a uniformly convex Banach space and 
{ }nii xITC ,,,  be same as in Lemma 2.1. If one of ,iI  let mI  is a semi-

compact mapping and ,0/≠F  then { }nx  converges strongly to a common 

fixed point of { }iT  and { }.iI  

Proof. Since, mI  is semi-compact mapping, { }nx  is bounded and 

,0lim =−∞→ nmnn xIx  then there exists a subsequence { }jnx  of { }nx  

such that { }jnx  converges to .∗x  It follows from Lemma 1.3, 

( ).mIFx ∈∗  In addition, since iT  is a uniformly -Γ Lipschitzian mapping 

and iI  is a uniformly L-Lipschitzian mapping, −∞→ nn xlim  0=nixI  

and .0lim =−∞→ ninn xTx  So, ,0=− ∗∗ xIx i  and .0=− ∗∗ xTx i  

This implies that ( ) ( ).ii TFIFx ∩∈∗  Since, the subsequence { }jnx  of 

{ }nx  such that { }jnx  converges strongly to ∗x  and ∗
∞→ − xxnnlim  

exists, then { }nx  converges strongly to the common fixed point .Fx ∈∗  

The proof is completed. 



CONVERGENCE OF THE PROJECTION TYPE ISHIKAWA … 313

Theorem 2.3. Let X be a uniformly convex Banach space and ,, iTC  
{ }ni xI ,  be same as in Lemma 2.1. If one of ,iI  let mI  is completely 

continuous mapping and ,0/≠F  then { }nx  converges strongly to a 
common fixed point of { }iT  and { }.iI  

Proof. By Lemma 2.1, { }nx  is bounded. Since, =−∞→ nlnn xIxlim  
,0lim =−∞→ nlnn xTx  then { }nlxT  and { }nlxI  are bounded. Since mI  

is completely continuous, that exists subsequence { }jnmxI  of { }nmxI  

such that { } pxI jnm →  as .∞→j  Thus, we have jj nmnj xIx −∞→lim  

.0=  Hence, by the continuity of mI  and Lemma 1.3, we have 
0lim =−∞→ px jnj  and ( ).mIFp ∈  Further, for all { }Ni ,,2,1 …∈  

,pxIxIxxxIpxI jjjjjj nmnmnnnini −+−+−≤−  

.pxIxIxxxTpxT jjjjjj nmnmnnnini −+−+−≤−  

Thus, 0lim =−∞→ pxI jj nin  and .0lim =−∞→ pxT jj nin  This implies 

that { } { }jj nini xTxI ,  converges strongly to p. Since, iI  is a uniformly L-

Lipschitzian mapping, iT  is uniformly -Γ Lipschitzian, so ii TI ,  is 
continuous. So, .pTpIp ii ==  Hence, .Fp ∈  By Lemma 2.1, 

pxnn −∞→lim  exists. Thus, .0lim =−∞→ pxnn  The proof is 
completed. 
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